EFFECT OF PARTICLE SIZE ON H-ATOM

ABSTRACT

In the usual calculation of the H-atom energy levels, the potential
energy of a point proton at rest and a point electron at rest is used
in the Schrodinger equation. In this paper, the potential energy is
modified by treating the electron and proton charges as extended in
space. The effect of electron and proton size on the 1S energy level

is calculated.

[. INTRODUCTION

Take the model of the H-atom to be a proton at rest with its center
at the origin, and its charge distributed uniformly on a spherical shell
of radius rg. The electron will be treated as a point charge. The next
section will calculate the potential energy of such a proton-electron
system. The third section will calculate the shift of the 1S energy
level for such a proton-electron system. Next take the proton charge
to be uniformly distributed on a spherical shell of radius ry, and
take the electron charge to be uniformly distributed on a spherical

shell of radius a. Both charges are at rest. The potential energy
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of such a system is then calculated in the fourth section. The fifth
section will calculate the energy shift of the 1S energy level for such

a proton-electron system.

POTENTIAL ENERGY OF A PROTON SHELL OF CHARGE

Take the proton to be at rest with the proton center at the origin.
Let r be the vector from the origin to the electron. Denote the
distance from the origin to the electron by r. Let y be the vector
from the origin to an element of proton charge. Denote the distance
from the origin to an element of proton charge by 7. Let r’ be the
vector from an element of proton charge to the electron. Denote the
distance from the element of proton charge to the electron by r’. So

r =y +r’/, and the vectors r,r’ and ¥ form a triangle. By the law

of cosines, r’ = /12 + §2 — 2rjcos (0) .

For the proton charge to be uniformly distributed on a spherical
shell of radius ro, the charge density is p = ed(§ —ro)/(4nrd). An el-
ement of proton charge is de = p d*j where d*j = 2 sin (0) df d¢ dj,
and 6 is the angle between y and r. The differential potential at r’

due to an element of proton charge is

JD — de _ ed(y—ro) 72 sin (0) df d¢ djj
r! 4 rd V12 + 4% — 2rjcos o)
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Upon integrating over § and ¢, and substituting u = — cos (), the

potential at r is given by

B(r) — +1 edu e/r?+rd 4 2rrou
(r) = 2 2 N 2rr ‘—1_
-1 2\/7" + 71+ 2rrou 0
e\/T2+ 18 +2rrg  ey/r2+1rE — 2rrg @)
2rro 2rro '

When r > 1o, ®(r) = ¢/r, and when r < rg, ®(r) = e/r9. So

D(r) = —H(ro—r)+ TH(r —ro) (3)

where the unit step function H(z) = 1 for x > 0 and H(x) = 0
for x < 0. Then the potential energy of such a proton and a point

electron is

V(r) = —e®(r) = — H(rg — 1) + TGH(T — 7). (4)

[II. ENERGY SHIFT DUE TO PROTON SIZE

The potential energy of a point proton at rest and a point electron
at rest is —e?/r. The energy levels and associated wave functions are
found using this potential energy. ' To find the first order correction
to the energy levels, we start with Eq. (4), and subtract —e?/r to

get the perturbing potential energy

SV(r) = —e2H(rg — ) i e?H(rg — r)‘ (5)

To T
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The first order correction to the H-atom energy levels due to proton

size is 2

5 By = / Rt (1) Y5, (6, )5 V() Rt (r) Y (6, $)r2 sin (8)dbdbdr  (6)

The correction to the 1S energy level will now be calculated. The

Y}, are normalized to one, so
SE(1S) = §E190 = / R2,(r)0V (r)ridr (7)

where Ryo(r) = 2exp (—r/ag)/(ag)*/? and aq is the Bohr radius. !

42 (1 [T "o
SE(1S) = —3{—/ eXp(—Qr/ao)rzdr—l—/ exp(—2r/a0)rdr}. (8)
ag L 7o Jo 0

Taylor expand the exponential, exp (—2r/ag) =1 — 2r/ag + ... Since
r < rg in the integral, and rg << ag, approximate the exponential

by 1. Integration yields

2 2

e” 2r
SF1g~ ——Y. 9
10 ao 3(13 ( )

There is a considerable amount of theoretical and experimental liter-
ature on the effect of proton size on the H-atom spectra. At present

experiments have led to two different values for the proton radius 34

IV. POTENTIAL ENERGY WHEN BOTH PARTICLES HAVE SIZE

Take the proton charge to be uniformly distributed on a spheri-
cal shell of radius rg, and take the electron charge to be uniformly

distributed on a spherical shell of radius a. Both particles are at
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rest. The potential of the proton is given by Eq. (3) where r is the
distance from the center of the proton to the point electron. In this
section, change the definition of r to be the vector from the center
of the proton to the center of the electron, so r is the distance form
the center of the proton to the center of the electron. Change the
definition of r’ to be the vector from the center of the proton to an
element of electron charge, so r’ is the distance fron the center of
the proton to an element of the electron charge Define the vector
X to be the vector from the center of the electron to an element of
electon charge, so ¥ is the distance from the center of the electron

to an element of electron charge. So r’ = X + r, and the vectors r, r’

and % form a triangle. Thus r’ = /r2 + 2 — 27 cos (f) where 0 is
the angle between X and r. The potential of the proton at the point

r’ is

H(ro— ') + ;H(r’ — o). (10)

For the electron charge to be uniformly distributed on a spherical
shell of radius a, the charge density p. = —ed(Z —a)/(4ma?). An ele-
ment of electron charge de. = p. d>% where d% = 72 sin (0) df d¢ dz.

Then the differential potential energy is

B3z, (11)
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When the electron shell is completely outside of the proton shell,

r > 1o+ a and ' > rg. Then the potential energy is

[ —€%5(2 —a)i®sin () dOdpdz _f (12)
/1?2 + 32 — 2ri cos (0)4r a? '

Vo(r)

<

When the electron shell is completely inside the proton shell, r <

ro — a, ' < rg, and the the potential energy is

—e28(% — a)#?sin A
Vi(r):/ o( ) (0)dOdod _ ‘ (13)

rodm a? o

When only part of the electron shell is inside of the proton shell,
ro—a <r <rg+a. Then set V(1) = Vi (1) + Vio(r) where Vy;(r) is
that part of the potential energy associated with the electron shell
inside of the proton shell, and Vj,(r) is that part of the potential
energy associated with the electron shell outside of the proton shell.
Recall 6 is the angle between r and x. For that part of the electron,
which is inside the proton, the angle 6 varies between 0 and 6. where

6. is the angle where the two shells intersect, i.e. when r’ = rg. So
2 =712 +a* - 2racos(6,.). (14)

Make the substitution u = — cos (6). Then

.2 s 2 —cos (6¢)
V) = [ g =2 [

7o 4ma? To cos(0) 2

2 2 2., 2 .2
—e —e (r*4+a*—r
“% (1~ cos(8,)) = (1 - 0
2740( cos (6.)) 50
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For that part of the electron , which is outside of the proton shell, 6

varies from 6, to w. So

—e25(7 — _ .2 p—cos(m) d
Vbo('r'):/ : Mds:ﬁ:—e Y =
v Adma? 2 ) _cos(6.) V% +a?+2rau
o V12 +a? + 2rau

2ra B ):_62<T+a_r_0>' (16)

—cos(fec 2ra 2ra

Thus for ro —a < r < rg+ a,

—e? (r? +a% —13) o (TH+a T
Vi(r) = 2rg (1 B 2ra > e ( ora %) ' (17)
Finally,
e? e? —e? r2ra — (r* +a® — 1)
Vir)= —EH(T’(]—(I—T’)—7H(T—T0—(I)—|—|:2T0 ( g >—|—
_e2(rta—m —a—7)— o —
e ( Yo ﬂ (H(ro—a—r)—H(r—rg—a)). (18)

V. ENERGY SHIFT DUE TO ELECTRON AND PROTON SIZE

Start with Eq. (18), and subtract —e?/r to get the perturbing

potential energy 6V (7). So

oV(r) = _gH(TO_a_T)"i'?H(To-FG—T)—I—[;fj (27"(1 — (7“;:1(—1@2 _ r%))_i_
— 62<7r +2(:"a_ TO)} (H(ro—a—r)—H(r—rg—a)). (19)

Use Eq. (7) to calculate 0 E(1S), but use Eq. (19) as the perturbing

potential energy. Again approximate the exponential by 1. Write
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0E(1S)=0FE; + 0E, + §Ey; + 0 Ep, where

—4 2 ro—a 2 —4 2 4 4 2
L P e L T C)
agTo Jo ap \ 3ag ag ag
+4e2 [rota +e? /2r2  drga 24
0B, = — / rdrz—(—zo—l— g —|——2>, (21)
ag Jo aop

Qg Qg Qg

—4 2 ro*a .o 2 2 2
SE,; = e / ( ra—r°—a +T0)>r2dr:

2(18 70 Jro—a 2ra
—4¢? /To*a<2r2a —r3—a?r+ r%r)d
T =
(18 ro—a 4’/’0(1
2 3 4 2,.2 2,.2 2

—e* (2r°a T a“r reTe|To*e e 2
=\ 75— = —(—4 4 22
a8r0a< 3 4 2 * 9 >T0_a ag( roa + a), (22)

and

21 ([rota _
0Ep, = —46—35/ <w>r2 dr =

a(] ro—a

Thus

2

e droa  4a? e, drpa  4a?
i 3B, = (e A0y ety
bi + bo a0 (Ig + a% + a0 ( (Ig 3(13 ( )
and
2 2 2
e” /2r 2a
SE(1S) ~ —< 0 —> 25
(15) ag 3(13 + 3(13 (25)
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