EFFECT OF ELECTRON AND PROTON SIZE ON
SPIN-ORBIT COUPLING

ABSTRACT

In the usual calculation of the H-atom energy levels, the potential
energy of a point proton at rest and a point electron at rest is used
in the Schrodinger equation. In this paper, the potential energy is
modified by treating the electron and proton charges as extended
in space. The effect of electron and proton size on the spin-orbit

coupling of the 2P, /; energy level is calculated.

[. SPIN-ORBIT COUPLING

For a proton of charge e at the origin and an electron at a distance
r from the origin, the potential energy V (r) is —e?/r. For the hydro-
gen atom the unperturbed hamiltonian is Hy = —hA%2V?2/(2m) + V()

The hamiltonian due to spin-orbit coupling is !

1 1dv

H =—"12S.1L-
2m2c2 r dr

(1)

Since the operators L?,82,J2 = (L+S)?, and J, = L, + S, all

commute with Hy + H’, the solution to the Schrodinger equation
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can be chosen to be eigenfunctions of L?,S2 J? = (L + S)?, and
J. = L.+ S..% The spherical harmonics Y}, (6, ¢) are eigenfunctions
of L2. The spin wave functions ((1)) and ((1)) are eigenfunctions of

S2. Yim(0, ¢) ((1)) and Y ,,41(0, ) ((1)) are both eigenfunctions

of J, with eigenvalue m + 1/2. Form the linear combination *

1 0 Yim 97
T§7m+1/2 = OéYZm(e, ¢) (0) + ﬁYz,m—l—l (9, ¢) (1) = (ﬁ% :n+(1(9¢;)) ’

(2)

which is an eigenfunction of j,. Choose o and 3 so that T?m +1/2

is normalized, and is an eigenfunction of J?. Application of the

operator S+ L = (J2 — L* — 8%)/2 to T} ., , yields

S LY e =500+1) —€l+1)=s(s +1))R° L] ,0p1) (3)

N —

For the 2P'/? energy level j = 1/2, ¢ =1, and s = 1/2, 50 S - L

has eigenvalue —h?. Thus

—R? 14V,

Iv1 _
HY )50 = 2 7 gy V12172 (4)

See reference 2 for for eigenvalues of S - L for arbitrary values

of j,1, and j,, and for o and 3 associated for each eigenvalue.
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II. EFFECT OF PROTON SIZE ON SPIN-ORBIT COUPLING

In this section, the effect of proton size on the 2P/, energy
level is calculated. For the purpose of illustration, take the
center of the proton to be at the origin, and take the proton
charge to be distributed uniformly on a spherical shell of radius

ro. Then the potential of the proton is

D7) = - H(ro— 1)+ H(r — o) (5)

where H is the unit step function. The potential energy of the
proton and a point electron is

62 2

Vir)=—SH(ro—r) — SH(r — o). (6)

To T

H’ with the above potential energy will be treated as a pertur-
bation. Note that dV/dr = +e?*H(r — ro) /7.
The solutions to the unperturbed H-atom, which are eigen-

functions of L2 8?,J?2 = (L + S)?, and J, = L, + S., are

\Ij(fry 0, ¢) = RnZ(T)T?m—l—lﬂ(a ¢) (7)

The first order correction to an energy level is

AE = / Ui (r,0,0)H'U(r,0,¢)r* dr dS). (8)
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Since v and 3 have been chosen so that the T?mﬂ/z(e, ¢) are
normalized, the first order correction to the 2P/, energy level
is

2 [e%] 1
AE2Py) = G / Rgl(r)—d—vrzdr (9)
0

2m2e2 r dr
where Ryi(r) = rexp (—r/(2a0)/((2a0)**V3a0), and ay is the

Bohr radius. Then

h2 62 00
AE(2P ) = ~ 5 OO / rexp (—r/ag) dr =
o
h? e2 12

exp(—r/a0)<—m0 — a%) - (10)

©6m2e (2a0)? ao ro

Expand the exponential in a Taylor series, and drop terms of

the order (rg/ag)® and higher (rq/ag << 1). The result is

AE(2Pyjy) = ﬂ@ - 1<T—°)2) . (11)

 6m2c2(2a0)? 2 \ay

Set 7o = 0, and recover the energy shift for a point proton.!

III. EFFECT OF ELECTRON SIZE ON SPIN-ORBIT COUPLING

Take the electron charge to be uniformly distributed on a
spherical shell of radius a. Again take the proton charge to
be uniformly distributed on a spherical shell of radius ry. Let

y be the vector from the center of the proton to an element
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of proton charge, and let r’ be the vector from an element of
proton charge to an element of electron charge. Define r to be
the vector from the center of the proton to the center of the
electron, and define X to be the vector from the center of the
electron to an element of electron charge. Then y + 1’ =r + X.
When the electron is completely inside the proton(r < ro — a),
the potential energy is —e?/r9. When the electron is completely
outside the proton(r > ro + a), the potential energy is —e?/r.
Next consider the case when the electron is partially inside
and partially outside of the proton (ro —a < r < 9+ a). The
potential energy of the proton and an element of the electron

inside the proton is

—e* (1% — a)

dvi(r) = ro  4mwa?

7 (12)

where in spherical coordinates d*7 = |X|?d|x|sin (0) df dp. The
potential energy of the proton and that part of the electron

inside of the proton is

—25(|%| —a) .y . —e? (%
(13)

where 6 is the angle between X and —r, and 6, is the angle be-

tween X and —r where the electron sphere intersects the proton
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sphere. Then 0. is determined by r? + a* — 2racos (6.) = 3.

Set u = cos (#), and du = —sin (#) df. Then

27’0 cos (0) 27’0

The potential energy of the proton and an element of the

electron outside the proton is

—e20(|X| —a) &z

4ma? r+ x|

dVo(r) = (15)

The potential energy of the proton and that part of the electron

outside of the proton is

<2 _ 231215
Vo(r) = / d(]x?| : a) —e*lX| ~0l|x| sin (?) df d¢ ‘ (16)
dra V2 + X2 = 2r|%] cos (0)
Again set u = cos(f), and find
—e2 [eos(m) —du —e?
Vo= — = r+a—rg). (17
2 Jeos(8e) /72 + X3 — 2r[X] cos (0) 27’0( ) (17)
Put these results together , and get for the potential energy
—e? —e?
V(ir)y=——-H(ro—a—7r)+—H(r—ro—a)
To T
—e? r2—a®> r e? (@ —rg)
ool ()45
HH(r+a—ro)=H(r—ro—a)] [27’0 ( 2ra 2a/ 2a T
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Then
2
d‘c/iir) :+t—§H(r—ro—a)+[H(7’+a—7’0)—H(T_To_a)]x

e g —a* 1 e2 ra—np
— — — . (19
[27’0< 2r2q + Qa) * 2a< 72 )} (19)

Since V(r) is continuous, no delta functions appear in dV/dr.

Substitute the above dV/dr in Eq. (9). and find for the first

order correction to the 2P'/? energy level due to spin-orbit cou-

pling
—h?e? ré —a? a— 7o I
AE(2P, ) = [I I ( 0 ) I ( ) }
(2P2) 2m2c?(2a0)? 3 a} 1 Arya i 2a +4r0a
(20)
where

I = / m rexp (—r/ao)dr = exp [~(ro + a) /ao] ((ro+a)ao+ag) , (21)

I, = /TO arexp (—r/ag)dr = exp [—(ro + a)/ao) (—(ro+ a)ao — aj) +

0o—a

exp [—(ro — a)/ao) (+(7’0 —a)ap + ag) . (22)
and

ro—a

ro+a
I; = / r exp (—r/ao)dr = exp (—r/ao) [-r*ap—3r*a§—6raj—6ag) | """

0o—a

(23)
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Taylor expand the exponentials dropping higher order terms in
ro/ao and a/ag. Then I =~ af — (ro + a)?/2, Iz =~ 2rga, and

I3~ QaTS’ + 2a’rg. Finally

—h2e? 3 + a?
AB(ZPy) = 6 m2c%(2a0)3 [1 B < 2a3 )} ' (24)

Set 7o = 0 and a = 0, and recover the energy shift for a point

proton and point electron.
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