ELECTRON-PROTON SCATTERING II

ABSTRACT

The electron charge is considered to be distributed or extended in
space. The differential of the electron charge is set equal to a func-
tion of electron charge coordinates multiplied by a four-dimensional
differential volume element. The four-dimensional integral of this
function is required to equal the electron charge in all Lorentz frames.
The proton is also considered to be extended in space. The extension
and structure of the proton can be written in terms of three proton
form factors. The S-matrix for the extended electron and extended
proton is calculated. The result is that the S-matrix contains four

form factors.

[. POINT ELECTRON- PROTON SCATTERING

The S-matrix for point electron-proton scattering is 2
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Spip = / ' dy &y (x) (—ien,)) dn(2)iDr(z — )

wotq,
2M

or(y)(+ie) (Y Fi(@?) + o Fala®) ) 61(y). (1)

The two proton form factors, Fi(g?) and Fy(¢?), are due to vir-
tual strong interactions. Lorentz invariance and charge conser-
vation determine the mathematical form of line two in Eq. (1).

For the point proton, the second line in Eq. (1) would read

or(y)(ier”)br(y).

The initial exact electron wave function is approximated by
the plane wave solution to the Dirac equation. The plane wave

solution, which is normalized to unity in a box of volume V| is

dile) = | /% wi exp (—ip; - ) (2)

where h and ¢ have been set equal to 1, m is the electron rest

mass, u; is a four-component spinor, which depends on the

initial spin and on p; = (pY = E;,p},p?,p?), the initial four-

(2

momentum, and v* are the four Dirac matrices, which are la-

belled by p = 0,1,2,3. The final electron wave function is
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65(@) =\ [y wrexp (v o), 3)

where py is the final electron four-momentum, £ is the final
electron energy, u; is the final electron spinor, and ¢; = gb}vo.

The photon propagator is

—1
q% + ie

Dete =)= | %exp —ig- (x— y)] (1)

where ¢ is the four-momentum of the photon, and the spacetime

point y is the the argument of the proton wave function. The

initial approximate proton wave function is

01() = | gy wrexp(=ivn ) )

where M is the proton mass, u; is a four component spinor,

which depends on the initial proton spin and on p; = (p% =
Er,p}, p%,p3), the initial proton four-momentum. The final pro-

ton wave function is

65 (0) =\ gy e ep(=ipr ) ©)

where pg is the final proton momentum four-vector,Er is the

final proton energy, and u is the final four-component spinor of
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the proton, and o = i[y*,~"|/2. Substituting Eqgs. (2), (3), (4), (5),

and (6) into Eq. (1) yields

+ie*mM (a ey u;) (apy,u ic*q,
Sfip: ( ffy )( F’V,u I)/<’Y“F1(q2)+ q F2(q2))

(27T)4V2\/EiEfE[EF 2M

d'z d'y d'q expli(py — pi — q) - z] expli(pr — pr + q) - Y] (7)
q% + i€

Perform the following integrations:

/eXP(i(Pf —pi—q) - x)d'z = (2m)'6 (ps — pi — @); (8)

/ exp(i(pr — pr +q) - y)d'y = (27)"'6" (pr — pr + q); (9)

dq 5 pr+pr—pr—pi)
q? + i€ (pr — pi)? ’

/54(pf —pi — q)0*(pr — p1 +q)
(10)

and find

+ie*mM  (2m)*'6* (s + pr — pi — p1)

sz/EiEfE[EF (pf _pi)2

(pyuu;) (ﬂF (v Fi(q®) +

Sfip =

w0tq,
2M

Fg(qz))uj). (11)
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where ¢ = pr — p.

II. ELECTRON AND PROTON COORDINATES

In the rest frame of a proton, let y/* = (y/°, y/t, y’?, %) denote a pro-
ton charge point, and let y* = (y°,y}, 2, y3) denote the center of the
proton charge distribution and also the argument of the proton wave
function. Sometimes the superscript on the four-vector (not the com-
ponents) will be omitted, and we will write 3. = (y/°, v/}, /2, 4?) and
y= (v2, v, y2, v3). Introduce g, = y.—y, or the equivalent g# = y/* —yH.
In the rest frame, the proton charge —e is equal to [ prp(3:)0(9°)d g,
where p,,(7,) is the proton charge density in the rest frame and ¢ de-

notes the delta function.® Thus an element of proton charge is given

by

derp = prp(?jr)é(?jg)d4gr (12)

In the rest frame of an electron, let 2/, = (20, z/1, 2% 2/3) denote a

0

1,2 .3
o, @y, xs,xy) denote the center of

spacetime charge point, and let z, = (x
the electron charge distribution and also the argument of the electron

wave function. Introduce Z, = x/.—x,. In a frame of reference in which
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the electron charge distribution moves with a speed 3 in the +a2 direc-

tion, let o/ = (20 2'L 2’2 2'3) denote a spacetime charge point, and
) m m*m?mr¥m ?

let 2,, = (22,2} 22 23 ) denote the center of the charge distribution.

Introduce Z,, = z!, — T,,. A Lorentz transformation yields 7! = 7} |

72 _ 52 73
Z = Ty Ly

= (@, — B},), and I = (2, — Bi;,) where

v = 1/\/1—762 In the rest frame, the electron charge e is equal to
[ pr(2,)8(22)d*Z, where p,.(Z,) is the charge density in the rest frame®.
The electric charge e is equal to [ p,(Zm,)d[y(2%, — 822,)]d* %, in the m

frame.? So an element of electron charge de,, in the m frame is given

by

dem = pr(Em)Sly (&), — B3 ]d . (13)

III. EXTENDED ELECTRON-EXTENDED PROTON SCATTERING

Take the electron to be initially moving with a speed 3 in the +a3
direction and the proton to be initially at rest. This is the m frame,
which is also called the lab frame. Eq. (1) is now modified to take into
account the spatial charge distributions of the electron and the proton.
Since the interaction takes place at charge points, Dp(x —1v) is replaced

by Dp(z!, — y.). In addition, the electron charge is replaced by the
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four-dimensional integral of de,,, and the proton charge is replaced by
the four-dimensional integral of de,,. Then Sy;, is replaced by Sy, the

S-matrix for extended electron-extended proton scattering where

Sfie = / d*wp d'yr G (Tm)(—idem,)) $i(wm)iDr (25, — yy)

o q,
2M

O (o) (idey,) (Y Fil(@?) + S Fa(®) ) (). (14)

Upon making the above substitutions

Sfie = /d4$m d4yr ng(l’m)(—’lf’}/‘u)) ¢z($m)2DF($m - yr)

o q,
2M

or (yr)(+i€) (7“F1(q2) + Fz(qz))cbz(yr)

exp (=g ) 2051530, — )47,

m

exp (+ig -3 P25, (15

This equation can be written

Stie = SripFe(q) Fp(q)- (16)

where the electron form factor F,(q) is given by

Fle) = [ exp (cig- 5020800 @8, - 63805, (17
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and the proton form factor F,(q) is given by

Fy(q) = / exp (+ig - @?r)pr”_(gr)

5(g,)d Gy (18)

To get a rough idea of how proton size affects scattering, pick the
proton charge to be uniformly distributed on a spherical shell radius

a, in the rest frame. So

S+ 2 + )2 — ap). (19)

Prp(Ur) = T

In spherical coordinates, (7.)? = (g})? + (32)* + (92)?, so that

&g, = (7)?sin 0, db, dp, di,. Then

o|ry| — N
Ryt = [ B e i )2 sind df a6 = o)
dra?
(20)
where jg is the spherical Bessel function of order 0.
Pick the electron charge to be distributed uniformly on a spherical
shell of radius a in the rest frame. The form factor is invariant, so

jr)

Fa) = [ e (cige 202050 = ulladde)  (21)

where by a Lorentz transformation |q,|* = (¢")?+ (¢*)* +~%(¢* — B¢°)%.

Thus
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Srie = SpipJo(ldlap)jo(lar|a). (22)

The preceding calculations suggest that for unknown charge distri-
butions, the proton form factor is a function of |q|a,, and the electron
form factor is a function of |q,|a. So for an unknown charge distribu-

tions

Srie = SpipF (lalap) F(|ar|a). (23)

IV. DISCUSSION

To recapitulate, the form factors F(¢?) and Fy(q?) are due to virtual
strong interactions. The form factors F'(|q|a,) and F(|q,|a) are due to
the extent of the proton charge and the electron charge in space. All
four form factors are to be determined experimentally.

The calculations in this paper can be applied to muon-proton scat-
tering. Perhaps the additional form factors will explain the shrinking

proton problem.
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