COMPTON SCATTERING

ABSTRACT

The electron charge is considered to be distributed or extended in space.
The differential of the electron charge is set equal to a function of electron
charge coordinates multiplied by a four-dimensional differential volume ele-
ment. The four-dimensional integral of this function is required to equal the
electron charge in all Lorentz frames. The S-matrix for Compton scattering
is the sum of two probability amplitudes. In the extended electron theory,
each probability amplitude is the product of the probability amplitude for

point electron scattering multiplied by two electron form factors.

I. SUMMARY

The next section calculates the S-matrix for Compton scattering
of a point electron. An alternative calculation of the S-matrix for
the Compton scattering of a point electron is carried out in the third
section. The coordinates for the extended electron are introduced in
the fourth section. In the fifth section, the S-matrix for Compton
scattering of an extended electron is calculated. A short discussion

follows.
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II. COMPTON SCATTERING

The calculation of Compton scattering will follow Bjorken and Drell.*
The probability amplitude for an electron to absorb a photon at space-

time point y, propagate to spacetime point x, and emit a photon is

Spin = / d*zd*yd(x)(—ied(q, x))iSr(x — y)(—ied(q, y))di(y). (1)

As is customary, i and c are set equal to one. The initial approximate
electron wave function, which has been normalized to unity in a box of

volume V, is

dily) = | /g—v wi exp (—ipi - y) (2)

where m is the electron mass, Fj; is the initial energy, p; is the initial
momentum four-vector, and u; is a one by four matrix, which depends
on the initial momentum and the initial spin. The final electron wave

function is

65(a) = \[ gy exp (=ips ) 3)
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where L is the final energy, py is the final momentum four-vector, and
uy is a one by four matrix, which depends on the final momentum and

the final spin. The vector potential for the absorbed photon is

Ag,y) = e\/1/(2¢°V) exp (—iq - y) (4)

where € is the polarization vector, ¢ = (¢°, ¢*, ¢%, ¢*) is the four-momentum
of the absorbed photon, A(q,y) = v A,(¢,y), and ¢ = " ¢,. Here 7*
are the four Dirac matrices where (v =0, 1,2, 3). The vector potential

of the emitted photon is

A, z) = €\/1/(2¢'°V) exp (+iq - ) (5)

where €' is its polarization vector, ¢’ is the four-momentum of the emit-
ted photon, A(¢',x) =" A.(¢,r), and ¢ = A* €, The Feynman prop-

agator is

Sty = [ew (it @-)Seh gy ©

where

_ktm
k2 —m2 +ie’

Sp(k) =



4 COMPTON SCATTERING

and k is the four-momentum of the electron as it propagates from y to
z, and f = y"k,.
Substitution of Egs. (2), (3), (4), (5), (6), and (7) into Eq. (1) leads

to

—ime?

2V2\/E;E;q°q"

expli(k —q —pi) - y]

Srin =

d'x dy exp (iz - (py + ¢ — k)

ﬂf¢/(k + m)yfuz d*k
k2 —m?2+ie (2m)*

(8)

After integration over x and y,

—ime?

2V2\/E;E; q°q"° (

(2m)"o%(k — q — pi)

Sl = 27T)454(Pf +q —k)

ﬂf¢/(k + m)yfuz d*k
k2 —m?+ie (2m)*

(9)

Integration over k yields

—ie*m(2m)*6* (pr +¢' —pi — Q) U (P, + 4 + m)fui

2V2\/E;E:q%" 2p;i - q

There is a second probability amplitude, Sf;2, where the electron at

Sl = (10)

point y emits the photon of four-momentum ¢’, propagates to point x
where it absorbs the photon of four-momentum ¢. The S-matrix for

this process is
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Spa = [ dtedly dy(a)(—iedlq,0)iSe(s — y) (-ieAld. )i

(11)
Substitution into Eqgs. (11) yields
g o —'ém€2 d4 d4 . k
fi2 — 2V2\/W x yexp(2$(pf_q_ ))
, , aré(f+m)du; d*k
After integration over x and y,
Sy = e (2m)4 5% (ps — g — )
2 Ve BB g ol
upd(k+m)du; d*k
9 464 kf I ; Uf¢( ] 13
(25! (k 4+ g~ p) HEE R (19
Integration over k yields
—ietm(2m)464 " — )P — o +m) ¢
Sy = M) s 44— pi = @) WA A I

2V2,/E;E;q°q" —2pi - ¢

The S matrix is Sy, = Spi1 + Spio-
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III. ALTERNATE CALCULATION

In the previous section, integrals of Egs. (8) and (12) were done over
the four components of x and y before integrating over k. The four
dimensional integral over components of k should be done first to yield
Sr(x—1y). The result is something rather unwieldy.?, so we will instead
integrate first over the zeroth component of k followed by integrals over
the zeroth component of z and then over the zeroth component of y.

Introduce

_ d_k:OeX k00 _ 0 (k+m)
fs—/( e (ik(a” ~ 1)

27 V |Kk|? + m?

1 1 )
— 15
<k50— k|2 +m? +ie kY4 /|k|2+m? —ie (15)

Use contour integration to show

0/ 1k|? 2 Ik,
Is = —iH (2" —y°) exp [—i/|k|? + m2(2® — 4°)] O°VIKP +m?) + 97k +m)

2/[K + m?2

-/ k|2 2 Jke.
_Z'H(yo_zo)eXp[—l—z'\/W($0_yo)]( 7V K|? 4+ m?) + ,+m)‘

2/|k2 + m?2

(16)

where j =1,2,3 and H(z) is the unit step function. Introduce
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I = / H(x"—y°) exp [—iv/|k|? + m?(z” — y°)+i(p+q°)x"—i(p)+¢°)y ) da’dy”,
(17)

and introduce

I = / H(y"—a°) exp [+iy/|k[? + m?(z” — y°)+i(pi+q")z" i (p)+¢°)y")da’dy”,
(18)

To integrate I, set 20 = 2 — 4°. Then

I = / H(2%) exp [—iv/[k[? +m?(2°)+i(pf+¢") (2" +y°) =i (1] +¢°)y°|d="dy°
= —2mid(p} + ¢° — ) — ¢°)

( . s (IRE T )~ ) (19)

[k[? +m? —p} —q

where the integral over y° gives the delta function, and the integral
over 2" is the Fourier transform of a generalized function.? By Eq. (21),
k = ps+q'. Set the argument of the delta function equal to zero, and
arrive at a contradiction. Thus the delta function vanishes since its
argument is not zero.

To integrate I», set 2° = ¢y° — 2°. Then
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Iy = / H(2°) exp [+iv/[k[? + m?(2°)+i(p}+¢°) (2°) =i (p)+¢°) (z°+2°)]d="dx”
= —2mid(p} + ¢° — p) — ¢°)

+ 7id(y/IKP+m? 41+ 7). (20)

1
<\/|k|2+m2+p?+q°

By Eq. (21), k = p; + q. Set the argument of the delta function equal
to zero, and arrive at a contradiction. Thus the delta function vanishes

since its argument is not zero. Note that

/dgzv d*y exp[—ix- (p; +d — k)] exp [+iy - (p;i + q — k)]

= (27)%°(pr +d' — k)(27)°0*(—p;i —q + k). (21)

Putting these results together yields Eq. (10).

Follow the same order of integration for Sy, which is given by
Eq. (11), and recover Eq. (14).

This suggests, but does not prove that the multiple integrals done in
any order in the Compton scattering S-matix calculation will give the

correct result.



COMPTON SCATTERING 9

IV. EXTENDED ELECTRON COORDINATES

Pick the electron to be initially at rest. Let y. = (y° v}, v2 y2)
denote a spacetime electron charge point. Let the spacetime point
yr = (2, y}, y2, y2) denote the argument of the wave function and the
center of the electron charge distribution. Define 3, = y. — y,. In the
rest frame, the electron charge e is equal to [ p(4,)d(3%)d*y, where
pr(Jy) is the charge density in the rest frame and ¢ denotes the delta

function.? So an element of charge in the rest frame is given by

de, = p(§:)0(7,) d"Gr- (22)

Take the photon, which has four-momentum ¢, to be initially moving
in the +y% direction. The photon is absorbed at an electron charge
point .. The electron now propagates in the +y> direction with a
speed (3. The electron then emits a photon of four-momentum ¢’ from

the moving spacetime charge point 2/ = (20, 2/! /2 2/3). Denote the

center of the electron charge distribution and the argument of the wave

0

function by z,, = (2%, 2z} 22 23 ). Introduce T, = 7/, — Tp,.

Transform from the m frame to the rest frame where 2. = (2/°, /!, /2, 2'3)

denotes a spacetime charge point of the electron charge distribution,

0

O xl 22 22) denotes the center of the charge distribu-

and z, = (z

tion. The charge distribution of the electron is assumed to have a
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well-defined center, which is identified as the argument of the wave
function. The shape of the charge distribution depends on the motion
of the charge, and is assumed to be unaffected by any interaction. In-
troduce & = 2’ —x. A Lorentz transformation yields 7! = z! | 72 = 72 |
2 =~(x3, — 31Y), and 70 = (2%, — Bz3)) where v = 1/4/1 — 2. In

T

the m frame, the electron charge® will be denoted by de,,, where

V. COMPTON SCATTERING OF EXTENDED ELECTRONS

Replace the electron charge of the electron at rest by the four-
dimensional volume integral of de,.. Replace the electron charge of
the moving electron by the four-dimensional volume integral of de,,.
Since the photon is emitted and absorbed at a charge point, replace
Au(q,y) by A,(q,y.), and replace A, (¢, z) by A,(¢,x),) in the first

probability amplitude. Then,
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de,

Sen = [ ' 'y, 6y (a) (e Al 1)) 22
iS5 — ) (—ie Al 1) 27 6,(y) =

e / A Ay 37 (20) AL ) S (@m — 1) Al 4 05(w)

., . Jdepy . _ Jde,
[ew it 2" [exp(-ig- 5% (2)

e

The first integral is identified as the first probability amplitude for

point electron Compton scattering (see Eq. (1)), so

Sen = St Fn(q)Er(q). (25)
The spacetime points z and y in Eq. (1) refer to an arbitrary frame
of reference, which includes the frame of reference used in this section.
By Eq. (22)

Fo) = [t 505 = [t 2P 5. o

By invariance of the form factor
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, . Jdem ., .. de,
Fn(d) Z/exp(zq -a:m)7=/exp(zqr-a:r) o=

/ exp (iq) - )2 (?) o(ay) d'z, . (27)

where ¢ = 1(¢° + 61¢%), ¢! = ¢"*, ¢ = ¢, and ¢* = 71 (¢ + 51¢"°)
and vy, = 1/\/1—7612 Notice that (31, the speed at which the electron
propagates between y and z, appears. The propagator speed is |k|/k°.
It is now important to integrate over k first. The incorrect propagator
speed is calculated by integrating over x and y before integrating over
k. So integrate over kY first and find that the propagator speed 3;
is |k|/+/]k[2+m2. Then the correct propagator speed is identified as
la|/+/]a]? + m? since k = g when the electron is initially at rest.

The second probability amplitude is given by

de,

Sprs = / 04 diyy Gy () (—ie Alg, ) 22

e

S (e — ) (—ie Al 11)) 2 ou(yr) =

— ’é€2 / d4l’m d4yr ng(l’m)A(q, l’m)SF(l'm - yr)A(q/> yr)¢z(yr)

Jewta-a) ™ [exp-ia-m®e. 25)

e
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The first integral is identified as the second probability amplitude for

point electron Compton scattering (see Eq. (11)), so

Srr2 = Sfi2Fm(Q)Fr(q/) (29)

where

EA) = e 5% = [ explid 5050068 5, (30)

It is convenient to pick q’ to be in 22 direction. Then by invariance of

the form factor,

.. Jdepy, .. de,
F.(q) = /exp (zq-:vm)T = /exp (iq, - Zy) —

e

/exp (ig, - i) (jr) (%) d*i, . (31)

where ¢) = 72(¢° — £2¢°),q; = ¢',¢7 = ¢°, and ¢} = 72(¢* — Bag”)
and vy, = 1/\/1—7622 Notice that (35, the speed at which the electron
propagates between y and z, appears. The propagator speed is |k|/k°.
Again it is now important to integrate over k° first. The incorrect
propagator speed is calculated by integrating over x and y before inte-

grating over k. The correct propagator speed is |q'|/+/|d|? + m? since

k=—-(q.
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VI. DISCUSSION

Since the propagator speed enters the extended electron theory, it is
important to integrate over k° first. Integration over z and y before
integrating over k leads to an incorrect propagator speed.

The S-matrix for Compton scattering contains two probability am-
plitudes. In the extended electron theory, each probability amplitude
is the probability amplitude for the point electron Compton scattering,
times two electron form factors. These electron form factors should be

determined from experiment.
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